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Part | — Applications of the Cauchy-Bunyakovsky-Schwarz
Inequality

Warm-up Problems

Exercise 1

Let a,b,c>0. Prove Nesbitt's inequality
a_ . b L € Zé.
b+c c+a a+b 2

Exercise 2

Let a,b,c,d € IR". Prove the inequality
c ., d L_a . b 51
a+3b b+3c c¢c+3d d+3a

Exercise 3

Let x, y,z>0 be real numbers. Prove the inequality

X z
+ Y +

1
2.
x+2y+3z y+2z+3x z+2x+3y 2

Exercise 4

Leta,b € R" be such that ab>1. Prove the inequality

>16.

a+2b+i b+2a+i
a+1 b+1

Exercise 5

Leta,b,c,d>1 be real numbers. Prove the inequality

Va-1+vVb-1+Jc-1+vVd-1<v[ab+1|(cd+1).

Exercise 6

Let a,b,c be positive real numbers such that a+b+c=1. Prove the inequality

ambmc@g%.

Intermediate Problems

Exercise 7

Leta,b,c € (0,1) be real numbers. Prove the inequality

Vabc+4(1-a)[1-b)[1-c|<1.
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Exercise 8

Let a,b,c>0 be real numbers such that

Prove the inequality

Vva-1+Vb-1+vJc-1<Va+b+c.
Exercise 9
Let a,b,c be positive real numbers. Determine the minimal value of
3a N 4b N 5¢ .
b+c c+a a+b

Exercise 10
Let a,b,c be positive real numbers such that ab+bc+ca=1/3. Prove the inequality

a N b N c S 1

a’-bc+1 b*-ca+1 c*-ab+1 a+b+c’

Exercise 11
Let a,b,c € R" such that abc=1. Prove the inequality

a ., b L_C 25.
1+bc 1+ca 1+ab 2

Exercise 12
Let a,b,c be positive real numbers such that a+b+c=3. Prove the inequality
3 3 3
+ + +
a 2+b 2+c 22
b+2 c¢c+2 a+2

Exercise 13

Leta,b,c € R" such that a*+b°+c*=1. Prove the inequality
a+b+c-2abc<y2.

Exercise 14

Leta,b,c,d be positive real numbers such that abcd = 1. Prove the inequality

1+a?)[1+bY 1+ [1+d%)2[a+b+c+d .

Challenges

Exercise 15

Leta,b,c>1 be real numbers. Prove the inequality

\/a-1+\/b-1+\/c-1£\/a(bc+1).
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Exercise 16
Let a,b>0 be such that ab>1. Prove the inequality

3
a

atl

3
+b+1 +a+1 2%.

atl

Exercise 17

Let a,b,c>0 be real numbers such that abc =1. Prove the inequality

V2[1+a)[1+b)[1+ )2 1+a+b+c.
Exercise 18
Let x, y,z € R such that x’+ y*+z?=2. Prove the inequality
x+ty+z<2+xyz.
Exercise 19
Leta,b,c,d,e,f be positive real numbers. Prove the inequality
a_ . b L C d L e f

+ >3.
b+c c+d d+e e+tf f+a a+b

Exercise 20

Let a,b,c be positive real numbers such that ab+bc+ca=1. Prove the inequality

1.1 .1 .3

4a*-bc+1 4b*-ca+1 4c*-ab+1 2’

Part Il — Reverse Techniques and Further Applications

Warm-up Problems

Exercise 21

Let a,b,c>0 be real numbers such that abc =1. Prove the inequality
1 + 1 + 1 3

a’lb+c] b’lc+al c’la+b) 2

Exercise 22
Let x, y,z>-1 be real numbers. Prove the inequality
2 2 2
+ + +
1+x + 1+y + 1+z 5o
1+y+z° 1+z+x> 1+x+y°

Exercise 23
Let a,b,c>0 be real numbers such that a>+ b+ ¢>=3. Prove the inequality
2 2 2
a(a-b )+b(b-c )+C(c-a )>0.

2 2 2
a+b b+c cta
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Exercise 24

Leta,b,c>0 be real numbers such that abc=a+b+c+2. Prove the inequality
2(vab+vbc++cal<a+b+c+6.

Exercise 25

Leta,b,c and x, y,z be positive real numbers. Prove the inequality

aly+z]+blz+x|+clx+y)=2+(xy+yz+2zx)(ab+bc+cal.

Problems
Exercise 26
Let a,b,c be positive real numbers such that abc =1. Prove the inequality
2 2 2
a_ . b L€ Zi'
Va+b Vb+c Je+ta 2

Exercise 27
Leta,b,c € R" be such that abc=1. Prove the inequality

at+b btc . cta
Vb+c+2 e+a+2 VJa+b+2

Exercise 28

Leta,b,c € R" be such that abc=1. Prove the inequality

a b c 3
+ + >3/9.
Ja+b+1 Vb+c+1 Yc+a+1

Exercise 29

Let a,b,c>0 be real numbers. Prove the inequality
a_ . b L_C
2a+b 2b+c 2c+a

Exercise 30

Let a,b,c be positive real numbers such that a*+ b+ ¢*=3. Prove the inequality

1+1+123.
2-a 2-b 2-c

Exercise 31

Let a,b,c be positive real numbers such that a*+b*+c>=3. Prove the inequality

a N b N c < 1

a’+2b+3 b*+2c+3 ?+2a+3 2’

Exercise 32

Leta,b,c be positive real numbers such that abc =8. Prove the inequality

a-2+b-2+c-2S
a+1l b+1 c+1
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Exercise 33
Leta,b,c € R" such that
1 + 1 N 1 S
a+b+1 b+c+1 c+a+l

Prove the inequality
a+b+c>ab+bc+ca.
Exercise 34
Let a,b,c be positive real numbers such that
2 12 + 2 12 + 2 12 21'
a+b’+1 b'+c’+1 c+a+1

Prove the inequality
ab+bc+ca<3.
Exercise 35
Let a,b,c be positive real numbers such that abc =1. Prove the inequality
a . b N c <1
a+b*+c* b+c*+a® c+a'+d’

Exercise 36

Let x, y,z € IR" be such that x + y +z=3. Prove the inequality

Xy yz + zX <l
<5

+
x+2y+3xy y+2z+3yz z+2x+3zx

Exercise 37
Let x, y,z € R" be such that x+ y+z=3. Prove the inequality

Xy . yr . zIXx
X+2y+1 y+2z+1 z+2x+1

3
4
Exercise 38

Let x, y,z>0 be real numbers. Prove the inequality

Vi + 1+ y e 1+ 2+ 126 x + y +2).

Exercise 39

Let x, y,z>0 be real numbers such that x+ y+z=3. Prove the inequality

\/x3+x2+x+7+\/y3+y2+y+7+\/z3+zz+z+723\/1_0.

Exercise 40

Let x, y, z be positive real numbers. Prove the inequality

xy(x+y-z)+yz(y+z-x]+zx(z+x-y)Z\/B(x3y3+y323+z3x3 .
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Exercise 41
Leta,b,c be positive real numbers such that ab+bc+ca=3. Prove the inequality
a(b2+cz) N b(cz+az) N c(a2+a2)

2 2 2
a’+bc b*+ca c“+ab

>3.

Challenges

Exercise 42

Letx,y,z € [- 1,1} be real numbers such that x+ y+z+ xyz=0. Prove the inequality

Vx+1+vVy+1+/z+1<3,

Exercise 43

Let x> y>z>0 be real numbers. Prove the inequality

2 2 2
Xy, yz. z x2x2+y2+22.
z X y

Exercise 44
Let a,b,c be positive real numbers such that a+b+c=1. Prove the inequality
la+bP(1+2¢|(2a+3c|(2b+3c|>54abc.
Exercise 45
Let a,b,c>0 be real numbers such that a+b+c=3. Prove the inequality
1 N 1 1 3

+ <=,
a+b’+2 b+c*+2 C+d’+2 4

Exercise 46
Let a,b,c>0 be real numbers such that abc =1. Prove the inequality

a b c 3
+ + >—.
Vb+c+2 e+a+2 VJa+b+2 2
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Exercise 47
Leta,b,c be positive real numbers such that abc =1. Prove the inequality
1 + 1 + 1 p
2+a 2+b 2+c

Exercise 48

Let x, y, z be positive real numbers such that xyz>1. Prove the inequality

X5 XZ 5 2 Z5 Z2
TR A A >0.

5 2 2 5 2 2 5 2 2
Xty +z° y+z+x" 7 +x+y
Exercise 49

Leta,b,c be positive real numbers such that abc>1. Prove the inequality

4 lé 2.+ 4 ]é 2.+ 4 lé 25;1'
a+b’+c® b'tc+a® c'+a+b

Exercise 50
Let x, y,z € R" be such that x+ y+z=3. Prove the inequality
1 + 1 N 1 < 1 '
xX+2yz+3zx y+2zx+3xy z+2xy+3yz 2xyz

Exercise 51

Leta,b,c be positive real numbers. Prove the inequality

atc b+a c+b

ab® +bc*+ca>\3abcla+b+c|.
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